Abstract. We consider monogenic functions given in a biharmonic plane and taking values in a commutative algebra associated with the biharmonic equation. For the mentioned functions, we establish basic properties analogous to properties of holomorphic functions of the complex variable: the Cauchy integral theorem and integral formula, the Morera theorem, the uniqueness theorem, the Taylor and Laurent expansions.
Introduction
We say that an associative commutative two-dimensional algebra B with the unit 1 over the field of complex numbers C is biharmonic if in B there exists a biharmonic basis, i.e., a basis {e 1 2 , where i is the imaginary complex unit.
In [11] , I. P. Mel'nichenko proved that there exists the unique biharmonic algebra B and all biharmonic bases form an infinite collection belonging to the algebra B.
Consider a biharmonic plane μ := {ζ = x e 1 + y e 2 : x, y ∈ R} which is a linear span of the elements e 1 , e 2 of biharmonic basis (1.2) over the field of real numbers R.
Let D be a domain in the Cartesian plane xOy and D ζ := {ζ = xe 1 + ye 2 : (x, y) ∈ D} be a domain in μ, and D z := {z = x + iy : (x, y) ∈ D} be a domain in the complex plane. In what follows, ζ = x e 1 + y e 2 , z = x + iy and x, y ∈ R.
Inasmuch as divisors of zero do not belong to the biharmonic plane, one can define the derivative Φ (ζ) of the function Φ : D ζ −→ B in the same way as in the complex plane:
We say that a function Φ :
We use the notion of monogenic function in the sense of existence of derived numbers for this function in the domain D ζ (cf. [3, 18] ).
In the scientific literature, the denomination of monogenic function is used elsewhere for functions satisfying certain conditions similar to the classical CauchyRiemann conditions (cf. [2, 14] ). Such functions are also called regular functions (cf. [17] ) or hyperholomorphic functions (cf. [9, 16] ).
In [8] , it is established that a function Φ : D ζ −→ B is monogenic in a domain D ζ if and only if the following Cauchy-Riemann condition is satisfied:
V. F. Kovalev and I. P. Mel'nichenko [8] constructed in an explicit form monogenic functions which are principal extensions (see [7, p. 165] ) of holomorphic functions of the complex variable into the biharmonic plane.
It is proved in [8] that a function Φ(ζ), being a principal extension of some holomorphic function of the complex variable z ∈ D z , has derivatives Φ (n) (ζ) of all orders in the domain D ζ and satisfies the two-dimensional biharmonic equation
in the domain D due to the relations (1.1) and
Therefore, every component
of the function Φ satisfies also the equation (1.4), i.e., U k is a biharmonic function in the domain D that have relations to many physical problems concerning bending of clamped thin elastic isotropic plates and equilibrium of an elastic body under conditions of plane strain or plane stress (see, e.g., [12] ). The converse result has the following form [13] : every biharmonic function U 1 (x, y) in a bounded simply connected domain D is the first component of the expansion (1.5) of the monogenic function
where ϕ and ψ are holomorphic functions in D z satisfying the Goursat formula
and F is a primitive function for ψ.
In [13] , we gave a constructive description of all monogenic functions given in domains of the biharmonic plane via holomorphic functions of the complex variable and proved that every monogenic function Φ : D ζ −→ B has derivatives of all orders in the domain D ζ and, therefore, satisfies the equation (1.4) in the domain D.
Below, we give complete proofs of results announced in [4] . We establish basic analytic properties of monogenic functions similar to properties of holomorphic functions of the complex variable: the Cauchy integral theorem and integral formula, the Morera theorem, the uniqueness theorem, the Taylor and Laurent expansions.
Note that the mentioned integral theorems and integral representations of monogenic functions are used for solving boundary value problems. In [5] - [6] , we considered a Schwartz-type boundary value problem for monogenic functions in some regular domains. This problem is associated with the main biharmonic problem. The solution is given in an explicit form.
A constructive description of monogenic functions given in the biharmonic plane
Let us introduce an element ρ := 2e 1 + 2ie 2 , for which the equality ρ 2 = 0 is fulfilled. Thus, ρ is a nilpotent element and defines the unique maximal ideal I := {cρ : c ∈ C} which is also the radical of the algebra B.
It follows from Theorem 3.1 in [13] that the algebra of monogenic in D ζ functions is decomposed into the direct sum of the algebra of principal extensions of holomorphic functions of the complex variable and the algebra of monogenic in D ζ functions taking values in the radical I.
The principal extension of the holomorphic function F : D z −→ C into the domain D ζ was explicitly constructed in [8] :
In Theorem 3.2 of [13] , we described all monogenic functions given in the domain D ζ and taking values in the radical I. In such a way, we obtained a constructive description of all monogenic functions given in the domain D ζ . Thus, we proved that any monogenic functions Φ : D ζ −→ B can be constructed by means of two holomorphic in D z functions F, F 0 in the form
It follows from the equality ( 
Basic analytic properties of monogenic functions of biharmonic variable
In [10] , for functions differentiable in the sense of Lorch in an arbitrary convex domain of commutative associative Banach algebra, some properties similar to properties of holomorphic functions of complex variable (in particular, the integral Cauchy theorem and the integral Cauchy formula, the Taylor expansion and the Morera theorem) are established. In [1] , the convexity of the domain is withdrawn in the mentioned results from [10] .
Below, we establish similar results for monogenic functions Φ : D ζ → B given only in a domain D ζ of the biharmonic plane instead of a domain of the whole algebra B. Moreover, note that the integral Cauchy formula established in [1, 10] is not applicable to a monogenic function Φ : D ζ → B because it deals with an integration along a curve on which the function Φ is not given, generally speaking. License or copyright restrictions may apply to redistribution; see http://www.ams.org/publications/ebooks/terms 3.1. Integral theorems. For the euclidian norm a := |z 1 | 2 + |z 2 | 2 , where a = z 1 e 1 + z 2 e 2 and z 1 , z 2 ∈ C, in the algebra B the following inequality
is fulfilled.
In the same way as in the complex plane, a rectifiable curve and an integral along a rectifiable curve are defined in the biharmonic plane μ.
The Cauchy integral theorem and integral formula for monogenic functions of the variable ζ ∈ μ are proved by classic scheme (cf. [15] ) using the inequality (3.1). For a proof of the Cauchy integral formula, we use also the following lemma. Proof. Denote γ := {z ∈ C : |z| = r}. Using the equality ζ = z − iρy/2 and an expression of the monogenic function Φ(ζ) = ζ −1 in the form (2.1), where
Here i 1 = 2πi, and to calculate the expression i 2 − i 3 , we do the change of variables z = r exp(iϕ) and get
Thus, the following statement is true: 
the Cauchy formula).
For functions of the biharmonic variable ζ, the following Morera theorem can be established in the usual way (cf. [15, p. 115 ]) due to Theorem 3.3 in [13] and the inequality (3.1). 
The Taylor expansion.
Consider a problem on an expansion of a monogenic in D ζ function Φ in the Taylor power series. Applying to the function (3.3) a method similar to a method for expanding holomorphic functions, which is based on an expansion of the Cauchy kernel in a power series (cf. [15, p. 107]) , we obtain immediately the following expansion of the function Φ in the power series:
and Γ is an arbitrary closed Jordan rectifiable curve in D ζ that embraces the point ζ 0 . But in such a way it can only be proved that the series (3.5) is convergent in a disk K r (ζ 0 ) := {ζ ∈ μ : ζ − ζ 0 < r} with a radius r which is less than the distance between ζ 0 and the boundary of domain D ζ . It is connected with that fact that the constant √ 10 can not be replaced by 1 in the inequality (3.1). Nevertheless, using the expression (2.1) of monogenic function Φ, we can prove the convergence of the series (3.5) in the disk K R (ζ 0 ) with the radius R := min 
for the functions F and F 0 including in the equality (2.1).
Proof. Inasmuch as in the equality (2.1) the functions F and F 0 are holomorphic in the domain D z , the series (3.7) is absolutely convergent in the disk {z ∈ C : |z − z 0 | < R}. Then we rewrite the equality (2.1) in the form
Now, using the relations
for all ζ ∈ μ and n = 0, 1, . . . , we obtain the expression (3.5), where coefficients are defined by the equality (3.6) and the series (3.5) is absolutely convergent in the disk K R (ζ 0 ). Proof. It is established in [8] that the function Φ is monogenic in the domain D ζ if and only if the condition (I) is satisfied.
To prove the equivalence of the condition (II) and the notion of monogenic function, it is sufficient to note that, first, the uniqueness of the pair of functions F , F 0 in (2.1) follows from the uniqueness of decomposition of element with respect to the bases {1, ρ} of the algebra B, and, secondly, the function (2.1) is monogenic in D ζ because it satisfies the condition (1.3).
The equivalence of the condition (III) and the notion of monogenic function follows from Theorems 3.2 and 3.3.
Finally, the equivalence of the condition (IV) and the notion of monogenic function is a corollary of Theorem 3.4 and the property of convergent series (3.5) to define a function monogenic in a disk of convergence. 
